Introduction
The class of axially moving continua has found wide application in diverse mechanical systems such as serpentine belt systems, band saws, high-speed magnetic paper tapes, and power transmission chains, etc. The traveling, tensioned Bernoulli-Euler beam and the traveling flexible string are the most common models of such type of axially moving media. The pioneering work of axially moving continua is ascending to Mote [1] and Ulsoy and Mote [2] who investigated the vibration of a band saw and first introduced the gyroscopic items into axially translating system. Wickert and Mote [3] [4] [5] presented the summary work of axially moving continua. Subsequently, Rao [6] studied the free transverse vibration of a traveling string on multiple elastic supports, as well as the active structural control of the string vibration. A beam moving with time-dependent axial velocity was examined by Pakdemirli and Ozkaya [7] based on a systematic approach of Lie group theory. However, in the foregoing studies, the length of the beam is constant, not time-varying, though some considered varying axial moving velocities.
With the advancement of high-performance mechanical systems such as robotic manipulators, high-rise elevators, satellite flexible appendages, crane and mining hoists, etc., beam models with a prismatic joint at one end and a moving boundary on the other end have attracted extensive attention. In these beam models, the length of the beam is time-variant, and the system turns into a moving boundary value problem as the spatial domain changes with time. Tabarrok et al. [8] first studied the dynamics of a translating beam with varying length. They derived the equations of motion of a simple cantilever beam model utilizing Newton's second law, and assumed a special velocity profile to obtain a semi-analytic solution for specific axial velocities and approximate solutions for various velocities. A perturbation method was introduced by Zajaczkowski and Lipinski [9] to investigate the parametric instability of the motion of a cantilever beam; however, their model was restricted to the periodically varying length. Wang and Wei [10] studied the vibration problem of a moving slender prismatic beam using a modified Galerkin method with time-dependent basis functions based on Newton's second law. However, their derivation leaves out certain terms resulting in incorrect conclusions with regard to the stability analysis during extension and retraction.
Buffinton [11] applied the assumed mode technique to model the flexible robots containing axially moving elastic members and treated the beam's finite number of supports as kinematical constraints imposed on an unconstrained beam. For earlier work on string with a mass-spring system emulating an elevator, we refer to Yamamoto et al. [12] and Terumichi et al. [13] ; both studies assumed a constant transport velocity. Zhu and Ni [14] presented the linear dynamics of a cantilever beam with an arbitrarily varying length where the tension from their axially moving acceleration was incorporated; they also studied the dynamic stability from the energy viewpoint. Base on the finite element method, Stylianou and Tabarrok [15, 16] investigated the axially moving slender beam; their numerical results specified that the beam would be stabilized in extension and unstabilized in retraction. The dynamics and control of a translating flexible beam with a tip mass at one end emerging from or retracting into a rigid base was proposed by Tadikonda and Baruh [17] ; they exploited the eigenfunctions of a cantilever beam to obtain closed-form expressions for several domain integrals that arise in the model, which showed that the coupling effect of elastic and translational motions is very important to the beam control. Moreover, using Hamiltonian dynamic analysis, Wang et al. [18] investigated an axially translating elastic Bernoulli-Euler cantilever beam featuring time-variant velocity. Clearly, the stability analysis of dynamical systems is very important; we refer to Zajaczkowski and Lipinski [9] , Theodore et al. [19] , Pakdemirli and Ulsoy [20] , and Wang et al. [18] for further studies.
In the aforementioned literature, the beams were assumed to be linearly elastic, and damping was ignored since the primary focus was on the intrinsic stability. Nevertheless, in the past few decades, there has been considerable progress in material technologies. Many new materials are now commonly adopted for moving continua, such as metal or ceramics reinforced composites (e.g., steel-cord or glass-cord) and polymeric materials (e.g., amorphous polymers, semi-crystalline polymers, and biopolymers). These new materials often do not obey the Hooke's law, but exhibit inherently viscoelastic behavior. Therefore, the application of viscoelasticity attracts substantial attention within the axially moving continuum field. For example, Fung et al. [21] explored the transverse vibrations of an axially moving viscoelastic string subjected to an initial stress on the uniform cross section; they applied the Galerkin's method to solve the equations of motion. The multiple scales method was presented by Yang and Chen [22] for obtaining the near-and exact-resonant steady-state response of the forced vibration of a simply supported axially moving viscoelastic beam. Zhang and Zu [23, 24] attempted to describe the mechanical energy dissipation using a viscoelastic model for the belt, and utilized the perturbation techniques to predict the non-linear response. These viscoelastic studies provided a systematic methodology to incorporate material damping in the analysis; however, they did not constitute a significant material dissipation mechanism in the derivations of the equations of motion.
Further, Oz et al. [25] surveyed the nonlinear vibrations and stability of a simply supported beam traveling at harmonically time-varying velocity. Pelicano and Vestroni [26] and Pelicano et al. [27] also investigated bifurcations and parametric resonances of a moving beam; several different viscoelastic models were proposed for different applications, and the key results were verified by experimental measurements. A spectral element model was introduced by Lee and Oh [28] to study the dynamics and stability of an axially moving viscoelastic beam subject to axial tension. Chen and Yang [29] explored the bifurcation and chaos of an axially accelerating viscoelastic beam and introduced the four-term Galerkin truncation to identify dynamical behaviors. Marnowski and Kapitaniak [30] used a three-parameter Zenter element to model the axially moving beam subjected to time-dependent tension; they also investigated the bifurcation and chaos issues. In Hou and Zu's [31] work, for comparing the three representative viscoelastic models to evaluate the viscoelasticity of the axially moving belts, they demonstrated that the standard linear solid (SLS) model containing three elements can be degenerated to the Kelvin model and Maxwell model, which are mostly used for simplicity. The preliminary comparisons and numerical simulations showed that the SLS model provided the most accurate solution. In the subcritical and supercritical speed ranges, the vibration characteristics of a light axially moving band was investigated by Koivurova [32] based on the finite element analysis. In the foregoing research on the nonlinear problems of axially moving media, all studies were restricted to the cases with a constant span length; further, most parts of the literature only dealt with a constant transport velocity.
In this paper, we present the dynamic analysis of an axially translating viscoelastic beam with an arbitrarily varying length and a variable transport velocity. Emanating from the linear viscoelastic differential constitutive law and utilizing the standard linear solid (SLS) model, the generalized equations of motion are derived for an axially translating beam with geometric nonlinearities based on Hamilton's principle. The modified Galerkin's method is adopted to truncate the governing equations into a set of nonlinear ordinary differential equations. The fourth-order Runge-Kutta method is employed to solve the governing nonlinear partial differential equations of motion. Since the boundedness of the displacement does not ensure the boundedness of the energy of vibration for a time-varying system [33] , the dynamic system stability is carefully examined from the energy standpoint. Extensive numerical examples are also presented to manifest the effects of viscoelastic parameters, axial moving velocities, and the geometric nonlinearity upon the amplitudes of free-vibration responses. Based on the proposed fundamental dynamic analysis, further vibration control can be adopted for such axially moving systems in the near future.
Governing equations of motion

Viscoelastic governing equations
The SLS model is a popular and versatile viscoelastic material model, more general than the elastic, Kelvin and Maxwell models which are often found inadequate. For instance, the Maxwell model does not account for creep, and the Kelvin-Voigt model does not accommodate stress relaxation. The SLS model is the simplest viscoelastic model that allows for both creep and stress relaxation; it favorably predicts the general shape of the stress-strain responses as well as instantaneous and asymptotic behaviors. Therefore, we adopt the SLS model in this paper to gain a general insight into the effect of material damping on the dynamic response of an axially translating viscoelastic beam.
The SLS model for viscoelasticity is exhibited in Fig. 1 , which is a three-parameter model. Specifically, E 1 and E 2 are the elastic Young's moduli of the springs; η is the dynamic viscosity constant of the dashpot. Further, σ is the applied local stress; ε 1 and ε 2 are the Lagrangian strains. In what follows, a prime or a dot over a variable denotes the partial derivative with respect to the spatial Cartesian coordinate x or time t. For a one-dimensional problem, the stress-strain relationship is expressed as
Taking the Laplace transform of Eqs. (1) and (2), we arrive at
The inverse Laplace transform of Eq. (3) then leads to Fig. 1 The standard linear solid model where Q 1 > P 1 Q 0 and
The bending moment M at the point x and the time t in the vibrating beam reads
The Laplace transform of Eq. (7) results inM
Substitution of Eq. (3) into Eq. (8) yields
We can rephrase Eq. (9) as
The inverse Laplace transform of Eq. (10) gives
The flexural strain in the beam takes the form
where r (x) is the radius of curvature and κ = 1 r is the longitudinal curvature. By substituting Eq. (12) into Eq. (11) and considering only small deformation with w 1, we write
where I = A y 2 dA is the moment of inertia of the beam cross-section and w(x, t) is the transverse deflection of the beam. Equation (13) can also be recast as
where P 1 is defined in Eq. (6) and Fig. 2 The schematic of an axially translating beam
Equations of motion
The extended Hamilton's principle is used to derive the governing equations of motion. The Bernoulli-Euler beam theory is applied, and the beam deflection is based on the small deflection assumption. As shown in Fig. 2 , we consider a uniform viscoelastic cantilever beam which translates at a time-varying axial velocitẏ l(t); l(t) is the instantaneous length of the beam external to the prismatic joint and is a function of time t. A positive or negative transport velocity means that the beam is in extension or retraction mode.
The kinetic energy of the beam is expressed as
where
defines the differentiation with respect to the motion and ρ is the mass per unit length. The potential energy of the beam takes the form
where P(x, t) signifies the tension in the beam at the position x and reads
when the beam moves at a uniform axial speed, we have P(x, t) = 0. The applied work from the external force p(x, t) is
In this paper, for simplicity, we consider only the free vibration and therefore W = 0. When dealing with the problem of forced vibration, the particular solution should be added to the homogeneous solution presented in this paper. According to the extended Hamilton's principle, we write
The Leibnitz integral rule leads to
Therefore, we arrive at
Integrating (23) from t 1 to t 2 and imposing vanishing variations of δw at t 1 and t 2 yields
Substituting Eqs. (16), (18) and (20) into (21) and invoking Eq. (24), we obtain
Pw δw
Since δw is arbitrary, the equation of motion emerges as
The first four terms in Eq. (27) correspond to the local, Coriolis, tangential, and centripetal acceleration, respectively. The fifth term defines the coupling between the axial beam acceleration and the beam curvature, thus vanishing if the axial motion occurs at a constant velocity (i.e.,l(t) = 0). If the beam's axial velocity is zero, the second to fourth terms in Eq. (27) would vanish. Further, if there is no viscosity η, we recover the elastic flexure M = E I w ; as a result, only the first and the last terms in Eq. (27) 
The boundary conditions of a cantilever beam are
Analytical solutions of the equations of motion
The assumed modes method and the Bernoulli-Euler beam theory are adopted here. Moreover, the modified Galerkin's method is employed to discretize the spatial domain of the governing partial differential equations of the viscoelastic beam. By utilizing the classical method of separation of variables, under the boundary conditions (29) and (30), the analytical solutions of Eq. (28) can be expanded into the form
where q i (t) are the non-dimensional temporal functions, n is the number of included modes, and φ i x l is the ith trial function which is also termed the ith assumed mode. The orthonormal eigenfunctions of a cantilever beam are applied as the trial functions, which can be expressed as
Since the spatial domain is time-variant, both φ i and its corresponding eigenvalue λ i are also time-variant. An explicit expression for φ i (ξ ) is rendered as (cf. [10] ) (32) and
where κ i is the ith root of the transcendental equation
Moreover, the normalizing coefficient
Note that κ i is independent of the time t. The first three roots of Eq. ( j = 1, . . . , n) , the modified Galerkin's method then yields
where (w) denotes the left-hand side of Eq. (28):
Equations (31), (36) and (37) then result in the n-term Galerkin approximation of the governing viscoelastic equations of motion:
...
q (t) + M(t)q(t) + C(t)q(t) + K(t) q(t)
where q = [q 1 , q 2 , . . . q n ] T signifies the vector of generalized coordinates. The first term of Eq. (38) involves the third-order derivative of q, which does not exist in the dynamic analysis of an axially translating elastic beam (cf. [18] ). This third-order derivative term ascends to Eq. (14) as a direct consequence of using the SLS model which gives rise to a higher-order time derivative of the temporal coordinates. For an elastic beam, there will be no such third-order time derivative in the equations of motion. Furthermore, if one adopts the Kelvin viscoelastic model (cf., [22] [23] [24] 28, 29] ), there will be no higher-order time derivative for the stress; therefore, the third-order time derivative for the equations of motion will also disappear. Though Fung et al. [21] and Hou and Zu [31] employed the SLS model, Fung et al. [21] assumed the viscosity constant to be zero for simplicity, and Hou and Zu [31] applied the multiple scale method in a different fashion. Here, we define I in Eq. (38) as the viscosity matrix:
If the viscosity parameter η is negligibly small, I matrix will approach the null matrix, and the viscoelastic beam vibration analysis will be recovered as an elastic case. Moreover, M is the consistent mass matrix of the beam; C and K correspond to the equivalent damping matrix and the equivalent stiffness matrix, respectively. C matrix is generally non-symmetric since it consists of the non-symmetric matrix from viscoelastic damping and the skew-symmetric matrix from Coriolis acceleration. Likewise, K matrix is generally non-symmetric as it involves the symmetric matrix from flexural rigidity of the beam, the skew-symmetric matrix from centripetal acceleration, and the non-symmetric matrix from viscoelasticity. In Eq. (38), we write
On the other hand, the initial conditions q i (0),q i (0) andq i (0) can be obtained from:
Multiplying Eq. (44)-(46) by
and integrating them from x = 0 to l(0), we obtain
Here, we have the initial beam velocity c(0) =l(0), and the deformation of the cantilever beam can be expressed as
Analysis of dynamic stabilization
The varying length and velocity bring in changes in the amplitude of the transverse beam vibration, which manifests the variation in energy. In order to investigate the stabilization of an axially translating and transversely vibrating beam, we need to account for the changes in total energy consisting of the kinetic energy and the potential energy of the transverse vibration; the kinetic energy of the axial motion is not considered here. The total transverse vibration energy (E V ) of the protruded part of an extruding or retracting beam takes the form
where M(x, t) and P(x, t) have been previously defined in Eqs. (14) and (19), respectively. Following the same discretization scheme for w(x, t), M(x, t) can be expressed as
Substitution of Eq. (54) into Eq. (14) then yields
Multiplying Eq. (55) by
φ j x l(t) and integrating it from x = 0 to l(t), we arrive at
At t = 0, we write
Multiplying Eqs. (57) and (58) by
and integrating the expression from x = 0 to l(0), we obtain
Using the boundary conditions Eqs. (59) and (60), the fourth-order Runge-Kutta method can be applied to solve Eq. (56). Further, after q i (t) and r i (t) are solved, Eq. (53) can be recast as [15, 16] and Theodore et al. [19] . During the beam extension in Fig. 3 , the energy of the beam system transfers from the transverse vibration to the axial motion by bringing some mass into the domain of effective length. On the other hand, during the beam retraction in Fig. 4 , the energy transfers from the axial motion to the transverse vibration by leaving some mass out of the domain of effective length. We now focus on dynamic vibrations of viscoelastic beams. As the material viscosity always dissipates energy, the total transverse vibration energy decreases considerably faster during the (stabilized) beam extension in Fig. 5 , compared with the purely elastic beam in Fig. 3 . Moreover, the total transverse vibration energy increases significantly slower during the (unstabilized) beam retraction in Fig. 6 , compared with the purely elastic beam in Fig. 4 . 
Numerical examples and discussion
The fourth-order Runge-Kutta method is employed to investigate the effects of viscosity and axial velocity on the transverse vibration and dynamic stabilization of an axially translating viscoelastic beam. The modes of the four lowest orders are utilized here in connection with the assumed modes method; a good fidelity is 
Constant axial translating velocity
In this special class of numerical simulations, the beam travels at a constant axial velocity. The beam length is expressed as
where l 0 is the initial beam length and c denotes the constant velocity. Different viscosity parameters and axial velocities are compared to manifest their influences on the transient amplitudes of transverse vibrations. In Fig. 7 , the tip-deflection time histories are displayed for different dynamic viscosities without axial velocity. Figure 7 shows that the dynamic viscosity takes effect on the vibration amplitude, but it does not affect the vibration frequency; the response amplitude decreases as the dynamic viscosity increases. Figure 8 displays the extending beam vibration amplitudes at a constant velocity with different viscosities; higher viscosity leads to amplitude reduction. By comparison, Fig. 9 illustrates the retracting beam vibration amplitudes at a constant velocity featuring distinct viscosities. From Figs. 7, 8 , and 9, we observe that viscoelastic damping substantially affects the dynamic behavior of the beam system. The reduced response amplitude with damping indicates that the effect of viscosity makes the dynamic system more stable. Further, Figs. 10 and 11 show, respectively, the extruding and retracting beam vibration amplitudes at the tip under different constant velocities. From Fig. 10 , we observe that as the beam extends, higher axial translating velocities lead to higher beam tip vibration amplitudes yet lower vibration frequencies. By contrast, from Fig. 11 , as the beam retracts, higher absolute axial translating velocities result in lower beam tip vibration amplitudes yet higher vibration frequencies. This is due to the fact that the flexural rigidity of the beam is reduced during the extension mode and enhanced during the retraction mode; i.e., the beam becomes somewhat "softer" and "stiffer", respectively, during the extrusion and retraction operations (cf. [17] ).
Varying axial translating velocity
We now consider the transverse vibrations of an axially accelerating or decelerating viscoelastic beam under either extension or retraction operation. 
Case I: Constant axial acceleration
When the beam travels at a constant acceleration, the beam length is prescribed by where c 0 is the initial velocity and a is the constant acceleration. Figures 12 and 13 exhibit the beam tip vibration amplitudes under extension and retraction, respectively, with a constant acceleration (deceleration). Figure 12 shows gradually increasing tip vibration amplitude with decreasing frequency, whereas Fig. 13 displays gradually decreasing tip vibration amplitude with increasing frequency. Figure 14 illustrates the beam tip vibration first under extension then under retraction at a constant acceleration, whereas Fig. 15 renders the reverse sequence of retraction followed by extension at a constant deceleration. In Fig. 14 , as the beam vibrates across the first part of the time span under extension, the dynamic system experiences negative damping; as the beam traverses the second part of the time span under retraction, the system then experiences positive damping. By contrast, Fig. 15 illustrates that the damping is positive in the first part of the beam vibration under retraction, and becomes negative during the second part of the time history under extension. Figures 12, 13, 14, and 15 show that the coupling of axial motion and transverse oscillation is present.
Case II: Harmonic length variation
In the following numerical simulations, the length of the beam is characterized by a simple harmonic variation and takes the form
where β defines a length variation parameter and ω signifies the angular frequency of length variation. As illustrated in Figs. 16, 17 , 18, and 19, higher angular frequency ω excites higher vibration modes in the governing equations of motion in Sect. 3; therefore, the contributions from higher modes dominate the beam vibration under harmonic length variation if a higher angular frequency ω is involved. By comparing Figs. 16, 17, 18 , and 19 under the same β value (0.001), we observe that a higher angular frequency ω leads to a faster reduction in the vibration amplitude. Therefore, we can reduce and control the transverse vibration amplitude of an axially translating beam through the selection of a suitable angular frequency ω under the harmonic length variation. Case II presents a better vibration control scheme than Case I. 
Case III: Parabolic length variation
In these numerical simulations, the length of the beam is prescribed by a parabolic variation 
Conclusion
In this paper, the extended Hamilton's principle is employed to derive the third-order governing equations of motion under free vibration for an axially moving viscoelastic beam with arbitrarily varying length and axial velocity. The axially translating beam is modeled as a Bernoulli-Euler beam; the viscoelasticity of the beam is represented by the SLS. The coupling effects of axial motion and flexural vibration for a viscoelastic beam are systematically explored. The separation of variables and the assumed mode method are applied to solve the governing partial differential equations. The damping matrix C is generally non-symmetric as it involves both the viscoelastic damping and Coriolis acceleration. The modified Galerkin's method and the fourth-order Runge-Kutta scheme are utilized to implement extensive numerical simulations. Various motion profiles under constant and varying axial translating velocities are considered to assess the viscoelasticity effects upon flexural vibrations and stabilization for axially moving viscoelastic beams. The numerical results indicate that during the beam extension higher axial translation velocity leads to higher beam tip vibration amplitude yet lower vibration frequency. By contrast, during the beam retraction, higher absolute axial translation velocity results in lower beam tip vibration amplitude yet higher vibration frequency. The stabilization analysis shows that energy transfers from the transverse vibration energy to the axial motion during the beam extension mode, whereas energy transfers from the axial motion to the transverse vibration during the beam retraction mode. The material viscosity always dissipates energy and helps stabilize the transverse vibration of an axially moving viscoelastic beam system in both extension and retraction modes. The present dynamic analysis can facilitate further development in dynamic control of axially moving systems in practice.
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